A finiteness result for $p$-adic families of Bianchi modular forms by Serban, Vlad
ar
X
iv
:1
90
2.
03
21
7v
1 
 [m
ath
.N
T]
  8
 Fe
b 2
01
9
A FINITENESS RESULT FOR p-ADIC FAMILIES OF BIANCHI
MODULAR FORMS
VLAD SERBAN
Abstract. We study p-adic families of cohomological automorphic forms for GL(2) over
imaginary quadratic fields and prove that families interpolating a Zariski-dense set of classical
cuspidal automorphic forms only occur under very restrictive conditions. We show how to
computationally determine when this is not the case and establish concrete examples of
families interpolating only finitely many Bianchi modular forms.
1. Introduction
The theory of p-adic variation has played a central role in much of the progress in the
Langlands programme during the last decades, pioneered by the work of H. Hida (e.g., [Hid86a,
Hid86b]) on p-adic families of ordinary cuspidal modular forms. Hida subsequently generalized
the constructions to automorphic forms on GL(2) over arbitrary number fields in a series of
papers [Hid88, Hid93, Hid94]. Over arbitrary number fields F , one has to deal with the
difficulty that, as soon as F is not totally real, the central objects of Hida’s construction,
namely the universal ordinary p-adic Hecke algebras T which interpolate by weight Hecke
eigensystems coming from classical automorphic forms, are no longer torsion–free over the
respective p-adic weights. The lack of suitable Shimura varieties also complicates many of the
constructions.
In this paper, we consider the situation when F is imaginary quadratic, which was first
studied in R.Taylor’s thesis [Tay88]. We examine when a p-adic family can interpolate a
Zariski-dense set of classical cuspidal automorphic forms, as is the case over totally real
fields. This question was already addressed in a paper by F.Calegari and B. Mazur [CM09],
which mainly focused on the representation-theoretic side. Provided a p-adic transcendence-
theoretic conjecture holds, their results imply the set of classical deformations can only be
dense in some very specific instances. Calegari and Mazur also gave an illustrative example of a
family interpolating finitely many classical automorphic forms [CM09, Theorem 1.1]; however
the proof supplied contained an omission which we rectify in this paper. This omission was also
discussed in D.Loeffler’s article [Loe11], together with an exposition of the analogous question
of density of classical points on eigenvarieties for GL(1) over arbitrary number fields. Our work
thus fits into the larger framework of examining density of classical points on eigenvarieties
and deformation spaces (see e.g., [Nak14, HS16]), and of gaining a better understanding of
the situations when classical points are not expected to be dense. We also mention similar
questions for higher rank groups and refer the reader to [APS08] and related work.
The question amounts to understanding the support of the relevant Hecke algebra T as a
module over the ring of p-adic weights Λ. Over arbitrary number fields, Hida conjectured
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[Hid94, Conjecture 4.3] that the support has codimension the number of pairs of complex
embeddings r2 of F , and Hida indeed proves that when F is imaginary quadratic the support
has pure codimension one [Hid94, Theorem 6.2]. Up to connected components, Λ ∼= Zp[[X,Y ]]
is a ring of formal power series and the points on Spec(Λ) that can give rise to classical auto-
morphic forms constitute a discrete set which is Zariski-dense in the weight space. Explicitly,
up to some normalization, the primes of Λ in question are given by
Pk,ζ,ξ := (X + 1− (1 + p)kζ, Y + 1− (1 + p)kξ) · Λ
for any p-power roots of unity ζ, ξ and any positive integer k, whereas there is no explicit
description of the support of T in general. Nevertheless, it turns out that the algebraic
situation is quite rigid: building on a p-adic version in [Ser18] of an arithmetic geometry
result concerning the density of torsion points on subvarieties of algebraic tori, the so-called
multiplicative Manin–Mumford Conjecture, we show that components passing through a dense
set of points Pk,ζ,ξ are forced to have a special form and prove the following:
Theorem 1.1. Let F be an imaginary quadratic field with ring of integers OF and p a prime
split in OF . Let ϕ be a cuspidal automorphic form on GL(2) over F , ordinary at p, that
contributes to the cohomology of some congruence subgroup Γ ⊆ SL2(OF ). Let H denote the
ordinary p-adic family of cusp forms containing ϕ. Then the component of the support of H
in Λ passing through ϕ either:
(1) contains all parallel weights or
(2) contains finitely many points that give rise to classical automorphic forms or
(3) contains finitely many points Pk,ζ,ξ with weight k different from ϕ but an infinite col-
lection of points with the same weight kϕ and varying non-parallel p-power nebentypus
characters.
In fact, we show a bit more (see Theorem 3.2), implying that in the third case there exists
some positive dimensional formal subtorus T of (Ĝm)2/Zp such that every pair of roots of unity
with (ζ − 1, ξ − 1) ∈ T (Qp) gives rise to classical points Pkϕ,ζ,ξ on the component. These
results are established in Section 3, while Section 2 provides the necessary background. We
note that the first case occurs for instance for Hida families which are base-changed from Q.
Still, in the absence of a family of classical points coming from functoriality constructions,
one hopes to prove that only finitely many classical points lie on a given family. Our results
imply this can be verified, whenever true, with a finite amount of computation.
In Section 4 we provide a method for doing so based on computationally eliminating the
first and third possibilities in Theorem 1.1. We then concretely carry out such computations,
which required writing new code to compute with Bianchi modular forms with nebentype. To
that end we also prove a dimension formula for spaces of Eisenstein series (Proposition 4.4).
This approach allows us to come up with the first proven examples of families with finitely
many classical points. We show the following, which in particular closes the gap in the proof
of [CM09, Theorem 1.1] and implies a negative answer to a question raised in Taylor’s thesis
[Tay88, Remark p.124]:
Theorem 1.2. Let F = Q(
√−2) and p = 3. The Hida families passing through the ordinary
cuspidal Bianchi modular forms of levels Γ0(7 +
√−2), Γ0(9 − 3
√−2) and Γ0(4 + 7
√−2)
contain only finitely many classical automorphic forms.
This result also addresses the questions raised in [Loe11, Section 4].
The computations are not limited to the examples provided and one could use our results
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and code to produce further examples along the lines of Theorem 1.2 for other imaginary
quadratic fields and primes p, as well as higher tame level. We note however that the necessary
computations of spaces of Bianchi modular forms with nebentype and the computation of
Hecke eigenvalues quickly become computationally expensive as the level increases.
Finally, we remark that it would be interesting to examine if the third possibility in Theorem
1.1 can be removed, which would make it much easier to prove that any given family contains
finitely many classical automorphic forms. It would also be interesting to examine what
can be established along the lines of Theorem 1.1 for arbitrary number fields, though the
analogous statement on the codimension of the support of T is only conjectural in general.
2. Setup
Let F be a number field which, unless otherwise specified, is imaginary quadratic, and let
OF denote its ring of integers. Our main focus will be on automorphic forms on GL(2)/F
contributing to the cohomology of some congruence subgroup Γ ⊂ SL2(OF ) and we assume
Γ is torsion–free. The relevant locally symmetric spaces in this case are quotients Γ\H3 of
hyperbolic 3-space, which can be viewed as a subset of the Hamilton quaternions H. Writing
z ∈ H as z = a+ bi+ cj + dk for a, b, c, d ∈ R, we have
H3 = {z = a+ bi+ cj|a, b ∈ R, c ∈ R>0} ⊂ H.
The action of Γ can then be written succintly with multiplication and inversion in H as(
a b
c d
)
· z = (az + b)(cz + d)−1.
Let p denote a rational prime, we fix algebraic closures Q and Qp together with an embed-
ding i : Q →֒ Qp and denote by E a finite extension of Qp with p-adic ring of integers O. For
an OF -module A, we consider for positive integers k, k′ the irreducible representations
Vk,k′(A) = Symk(A
2)⊗ Symk′(A2)
of SL2(A) obtained by taking symmetric powers of the standard representation, with the
action on the second factor twisted by complex conjugation. When A = C or E, these
exhaust the isomorphism classes of finite dimensional irreducible representations, as a real
Lie group or as E-rational representations, respectively. We write Y (Γ) for the Borel-Serre
compactification of the associated locally symmetric space and M for the local system on
Y (Γ) associated to a Γ-module M . We also denote by H ic(Y (Γ),M ) the cohomology with
compact support, and consider the resulting boundary long exact sequence:
// H i−1(∂Y (Γ),M ) // H ic(Y (Γ),M ) // H
i(Y (Γ),M ) // H i(∂Y (Γ),M ) //
Following Hida, we denote by H1P (Y (Γ),M ) the image of H
1
c (Y (Γ),M ) in H
1(Y (Γ),M ).
Under our assumptions, Y (Γ) = Γ\H3 is a classifying space for Γ and we have that
H1(Y (Γ), Vk,k′(C)) ∼= H1(Γ, Vk,k′(C)).
By the Eichler-Shimura isomorphism, the cohomology H1P (Y (Γ), Vk,k′(C)) can be computed
via the (g,K)-cohomology of cuspidal automorphic representations Π = Π∞⊗Πf . Moreover,
the (g,K)-cohomology vanishes unless the arichimedean component Π∞ contributes to co-
homology with coefficients in a unitary representation of SL2(C) at each archimedean place.
This forces the coefficients to be conjugate self-dual, so that H1P (Y (Γ), Vk,k′(C)) = 0 vanishes
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unless k = k′. The space of weight k cusp forms, which we will be mostly concerned with, is
then isomorphic to H1P (Y (Γ), Vk,k(C)). See [Har87, Section 3.6] for details.
Via the embedding i, we may also consider cohomology with coefficients in the p-adic repre-
sentations Vk,k′(E/O), which serve as an avatar for spaces of p-adic automorphic forms. The
standard Hecke operators act on these spaces, and we use the subscript H iord for the ordinary
part of the cohomology, namely the direct summand of the p-adic cohomology that Up acts
faithfully on.
Remark 2.1. (1) To simplify exposition and exhibit the analogy with modular forms, we
will limit some statements to automorphic forms for congruence subgroups of SL2(OF )
and sometimes assume F has class number one. Everything goes through without the
latter assumption, whereas the whole theory of ordinary families is carried out for
quaternion algebras B over F in [Hid93] and we will reference some pertinent results
when B 6=M2(F ), with analogous notations. For GL2, the more natural condition is
to consider nearly ordinary cohomology and Hecke algebras, and we refer the reader
to [Hid94] for the details on lifting the results from SL2 to GL2.
(2) We mention the more general adelic setting if F has class group CF of order hF . Letting
Af denote the ring of finite adeles over F and U an open subgroup of GL2(ÔF ) small
enough so that the arithmetic groups are torsion–free, then one can show that the
locally symmetric space
S(U) = GL2(F )\(GL2(Af )/U) ×H3
is a disjoint union of arithmetic hyperbolic threefolds. Assuming for simplicity the
determinant map det : U → Ô×F is surjective, we may write S(U) = ⊔hFi=1Γi\H3,
where Γi = U ∩ M0(bi)× for ideals bi forming a set of representatives of CF and
maximal orders M0(bi) = {
(
a b
c d
)
∈ M2(F )|a, d ∈ OF , b ∈ b−1i , c ∈ bi} of M2(F ).
The cohomology of S(U) then decomposes into a direct sum
⊕hF
i=1H
q
∗(Γi\H3,M ) and
Hecke operators associated to non-principal ideals act on the cohomology, permuting
the terms of the sum. Nevertheless, systems of Hecke eigenvalues associated to non-
principal ideals differ from principal ones only by a character of the class group CF . For
details on the general setting and the definition of automorphic forms over imaginary
quadratic fields we refer the reader to J. Bygott’s thesis [Byg98, Sections 5-6].
Hida constructs nearly ordinary Hecke algebras for GL(2)/F and arbitrary number fields
F and proves the full control theorem [Hid94, Theorem 3.2]. For SL(2) over an imaginary
quadratic field, this already appears in Taylor’s work [Tay88, Section 4]. We recall some of
the main features, borrowing from Hida’s notations: let B denote a quaternion F -algebra
split at p and ∞, let Op denote OF ⊗ Zp and R denote a fixed maximal order of B together
with an isomorphism ip : R ⊗ Zp → M2(Op). Finally, let ν : B → F denote the reduced
norm. For an integral ideal N prime to p, fix some torsion–free subgroup Γ of the norm one
elements in R× containing R×(N) = {γ ∈ R×|γ − 1 ∈ NR, ν(γ) = 1} and define
∆0(p
α) := {γ ∈ Γ|ip(γ) =
(
a b
c d
)
with c ∈ pαOp}
∆1(p
α) := {γ ∈ Γ|ip(γ) =
(
a b
c d
)
with c, d− 1 ∈ pαOp}.
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When B = M2(F ), one can just take the usual congruence subgroups Γ0(N) ∩ Γ1(pα) <
SL2(OF ) for suitable N .
For a character ε of ∆0(p
α)/∆1(p
α) ∼= (Op/pαOp)× we denote by Vk,k′,ε the representations
where the action of γ ∈ ∆0(pα) on Vk,k′ is twisted by ε(d) for d the the lower diagonal entry in
ip(γ) ∈ M2(Op). Hida defines p-ordinary cohomology groups H iord(∆1(p∞), Vk,k′,ε(E/O)) =
lim←−αH
i
ord(∆1(p
α), Vk,k′,ε(E/O)), which are naturally modules over the completed group ring
O[[O×p ]] = lim−→αO[(Op/p
αOp)×]. Each continuous character of O×p (valued in Zp) extends
to an algebra homomorphism of O[[O×p ]] whose kernel defines a point on Spec(O[[O×p ]]),
the space of p-adic weights. Up to components, this is just the spectrum of the completed
group ring Λ = O[[ΓF ]] of the torsion-free part ΓF of O×p . Complex conjugation acts on ΓF
which decomposes into eigenspaces Γ+F × Γ−F each non-canonically isomorphic to Zp. After
choosing topological generators, we may identify Λ ∼= O[[Z2p]] ∼= O[[X,Y ]]. We are interested
in arithmetic characters, which are of the form
χ : O×p → Zp
x 7→ xkxk′ε(x)
for integers k, k′ ≥ 0 and ε a finite order character of p-power conductor and denote the
corresponding point on Λ by Pk,k′,ε. We remark that since we are interested in finiteness
results, we mostly just work with one component Λ of weight space. For any Λ-module M
and prime ideal P of Λ we write M [P ] for the submodule annihilated by P . Hida shows the
following results for p-ordinary cohomology groups:
Theorem 2.2 (see Theorems I,II and 5.1 of [Hid93]).
(1) The modules H1ord(∆1(p
∞), Vk,k′,ε(E/O)) and H1P,ord(∆1(p∞), Vk,k′,ε(E/O)) are of cofi-
nite type over Λ and independent of the weight:
H1∗,ord(∆1(p
∞), Vk,k′,ε(E/O)) ∼= H1∗,ord(∆1(p∞), E/O).
(2) The natural homomorphisms
H1ord(∆1(p
α), Vk,k′,ε(E/O))→ H1ord(∆1(p∞), E/O)[Pk,k′,ε]
H1P,ord(∆1(p
α), Vk,k′,ε(E/O))→ H1P,ord(∆1(p∞), E/O)[Pk,k′,ε]
are Hecke-equivariant, the first being an isomorphism and the second having finite
kernel and cokernel.
Letting Tordk,k′(p
α;O; ε) denote the O-subalgebra of EndO(H1P,ord(∆1(pα), Vk,k′,ε(E/O)) gen-
erated by the Hecke operators, one therefore obtains a universal ordinary Hecke algebra by
setting T := lim−→α T
ord
k,k′(p
α;O), together with a control theorem stating that the natural map
T/Pk,k′,εT→ Tordk,k′(pα;O; ε),
where ε factors through (Op/pαOp)×, has finite kernel and cokernel. We refer the reader
to [Hid94, Theorem 3.2] for the full control theorem for nearly ordinary Hecke algebras for
GL(2). Since H1P (∆i(p
α), Vk,k′(C)) = 0 unless k = k
′, one obtains:
Corollary 2.3. The specialization of T at arithmetic points Pk,k′,ε is finite as soon as k 6= k′.
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In particular, the Hecke algebra T cannot be free over Λ, but has to be a torsion module
[Tay88, Corollary 4.4]. We recall that in contrast when F = Q, Hida constructs univer-
sal p-adic ordinary Hecke algebras which are finitely generated and free over weight space
O[[Z×p ]]. Together with the control theorems this implies the specialization at any points on
O[[Zp]] ∼= O[[T ]] coming from arithmetic characters x 7→ xkε(x) on Z×p recovers the system
of Hecke eigenvalues of a classical eigenform, where k ≥ 0 and ε has finite p-power order
(this corresponds to weight ≥ 2 in the usual terminology for modular forms). For arbitrary
number fields, we will call such points on weight space classical points. The constructions
and results above exist more generally for arbitrary number fields F and cohomology in the
appropriate degrees. It follows similarly that, as soon as F has a complex place, the relevant
Hecke algebra as a module over O[[(OF ⊗Zp)×]] is torsion [Hid94, Theorems 2.5, 5.2], whereas
for totally real fields the behavior resembles the case of modular forms and the Hecke algebras
are torsion-free [Hid88, Theorem II]. More precisely, Hida conjectures:
Conjecture 1 ([Hid94], Conjecture 4.3). The image of the nearly ordinary Hecke algebra in
weight space has codimension the number of complex places of F .
For CM components, we note that this amounts to Leopoldt’s Conjecture for the respective
number field. As soon as F has a complex place, it is therefore no longer clear whether or
not, as for totally real fields, the Hecke algebras interpolate a Zariski-dense set of systems of
Hecke eigenvalues corresponding to classical automorphic forms. The results of [CM09] on
deformations of Galois representations together with R = T considerations suggest that this
is not to be expected in general. Even for automorphic representations on GL(1), for general
number fields density does not necessarily hold [CM09, Section 8.4]. See also [Loe11], where
it is shown that when F is not totally real and does not contain a CM subfield, algebraic
Gro¨ssencharacters of F are not dense on the eigenvariety in the rigid analytic topology. For
GL(2)/F when F is imaginary quadratic, it is thus natural to ask:
Question 2.4. When does the support in Λ of a component of T contain a Zariski-dense set
of classical points?
It follows from Corollary 2.3 that the points on Spec(Λ) that can give rise to classical
automorphic forms have parallel weight, and after choosing topological generators of the
torsion-free part of O×p and suitably normalizing the Λ ∼= O[[X,Y ]]-module structure we may
assume they are of the form
Pk,ζ,ζ′ : = (X + 1− ζ(1 + p)k, Y + 1− ζ ′(1 + p)k)Λ
= (X + 1− ε+(1 + p)(1 + p)k, Y + 1− ε−(1 + p)(1 + p)k)Λ
for integers k ≥ 0 and p-power roots of unity ζ, ζ ′ ∈ µp∞(Qp).
Moreover, it is known that for imaginary quadratic fields, Conjecture 1 holds. Namely,
when B =M2(F ), Hida shows:
Theorem 2.5 (Theorem 6.2 of [Hid94]). The Pontryagin dual M of the ordinary parabolic
cohomology group H1P,ord(Y (∆0(p
α)), C) is a Λ-torsion module of homological dimension one.
Here, C denotes the space of continuous functions on the column space X = (O×p , pOp)t
with values in E/O. Effectively, the cohomology with coefficients in the locally constant sheaf
A FINITENESS RESULT FOR p-ADIC FAMILIES OF BIANCHI MODULAR FORMS 7
C associated to C computes the relevant cohomology at infinite level:
H1∗,ord(Y (∆0(p)), C) ∼= H1∗,ord(Y (∆1(p∞)), E/O)
= lim−→
α
H1∗,ord(Y (∆1(p
α)), E/O).
In particular, following Hida one may take the universal ordinary Hecke algebra T to be the
O-subalgebra of EndO(H1P,ord(Y (∆0(p)), C))) generated by the Hecke operators.
Remark 2.6. When B 6= M2(F ) is an indefinite division algebra, Hida also proves that the
dual M of H1ord(Y (∆0(p
α)), C), where Y (∆0(pα)) is now compact, is killed by a non-zero
element of Λ and has homological dimension one. The same holds true after lifting to GL2
and considering nearly ordinary cohomology, provided p > 2 (see [Hid94, Theorem 5.2] and
the ensuing discussion).
In both cases the respective (nearly) ordinary Hecke algebra T acts faithfully on the (nearly)
ordinary cohomology and embeds into the respective dual M . Since M is finitely generated
over T, letting m denote the minimum number of generators we have the divisibility of
characteristic power series: ch(T)| ch(M)| ch(T)m. Thus for our purposes, we may as well
work with ch(T), and we record here, for some implicit tame level N and B =M2(F ) or B a
division algebra:
Corollary 2.7. The (nearly) ordinary Hecke algebra T is annihilated by a non-zero power
series φ ∈ O[[X,Y ]].
Thus, to answer question 2.4 one is led to study which cyclic modules Λ/φ contain a dense
set of arithmetic points that can give rise to classical cuspidal automorphic forms. The Zariski
closure of the points Pk,ζ,ζ′ on a component of the support of T either contains the diagonal
in Spec(Λ) or intersects it in finitely many points. However, one cannot a priori exclude the
case that the component contains infinitely many points of varying non-parallel Nebentypus,
and we study this in more detail in Section 3.
It can indeed be the case that the support of T contains the diagonal via functoriality
constructions: assuming p is split, the base–change of a Hida family over Q gives rise to a
component of the Hecke algebra of the same tame level with classical automorphic forms in
each parallel weight k ≥ 0. Similarly, such examples may arise via theta lifts from suitable
Gro¨ssencharacters of quadratic extensions L/F . We refer the reader to [Tay88, Proposition
4.4] for details. On the Galois side, which is equally mysterious, Calegari andMazur conjecture
in [CM09, Conjecture 1.3]:
Conjecture 2. Let F an imaginary quadratic field and p a split prime. Suppose a repre-
sentation ρ : Gal(F/F )→ GL2(E) is continuous, irreducible, nearly ordinary and unramified
outside a finite set of places and admits infinitesimally classical deformations. Then one of
the following holds:
“BC” There exists a character χ such that χ⊗ ρ descends to a representation over Q.
“CM” The projective image of ρ is dihedral, and the determinant character descends to Q
with a CM fixed field in which a prime above p splits.
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An infinitesimally classical deformation in the language of [CM09] is a point of the in-
finitesimal nearly ordinary deformation ring R of ρ that gives rise to a Q-rational line on
the tangent space (at weight zero) of the E-vector space of infinitesimal p-adic weights. In
particular, if a one-parameter family of nearly ordinary deformations arose form classical au-
tomorphic forms over F , they would have rational infinitesimal Hodge-Tate weights and give
rise to infinitesimally classical deformations.
Calegari and Mazur prove the conjecture assuming a stengthening of Leopoldt’s Conjecture
when ρ has finite image [CM09, Theorem 1.2], as well as the existence under suitable hypothe-
ses of one-parameter families of nearly ordinary deformations, with finitely many crystalline
specializations of parallel weight [CM09, Theorem 1.5]. Therefore, guided by R = T conjec-
tures, we are inclined to believe the automorphic analogues of these results and seek to prove
the existence of families with finitely many classical points. On the other hand, recent work
in modularity [ACC+18] suggests that it may be possible to show that the automorphic and
Galois theoretic questions are equivalent.
3. Algebraic criterion
Let O denote the valuation ring of a finite extension of Qp. In this section we establish
the key rigidity properties for two-variable formal power series over O vanishing at points
Pk,ζ,ζ′ := ((1 + p)
kζ − 1, (1 + p)kζ ′ − 1) ∈ Q2p for p-power roots of unity ζ, ζ ′ and positive
integers k, building upon previous work of the author. These statements are inspired by
rigidity results appearing in Hida’s work (see e.g., [Hid14, Section 4]). We show the following:
Proposition 3.1. Let φ ∈ O[[X,Y ]] be a power series so that
φ((1 + p)kζ − 1, (1 + p)kζ ′ − 1) = 0
for an infinite set Σ of triples (k, ζ, ζ ′) in Zp × µ2p∞. Then one of the following occurs:
(1) The power series φ vanishes along the diagonal.
(2) There are only finitely many weights k appearing in Σ and we may find fixed N,K ∈ Zp
and ξ ∈ µ∞p such that for all ζ ∈ µ∞p we have, up to possibly swapping coordinates:
φ((1 + p)Kζ − 1, (1 + p)KξζN − 1) = 0.
If, in addition to that, φ is irreducible and passes through the origin then φ(X,Y ) =
(X + 1)N − (Y + 1) for some N ∈ Zp.
This, together with our previous considerations, yields the main result of this section:
Theorem 3.2. Let F be an imaginary quadratic field with ring of integers OF and p a prime
split in OF . Let ϕ be a cuspidal automorphic form on GL(2) over F (nearly) ordinary at p
of cohomological type. Let H denote the cuspidal (nearly) ordinary p-adic family containing
ϕ. Normalize the Λ-module structure so that π corresponds to X = Y = 0 on Λ ∼= Zp[[X,Y ]].
Then the component D of the support of H in Λ passing through ϕ either:
(1) contains the diagonal X = Y or
(2) contains finitely many points that give rise to classical automorphic forms or
(3) contains finitely many points Pk,ζ,ζ′ with weight k different from ϕ but an infinite
collection of points with the same weight as ϕ (kϕ = 0 in Λ with this normalization)
and varying non-parallel p-power nebentypus characters. Moreover, there is some
N ∈ Zp such that D contains P0,ζ,ζN (or P0,ζN ,ζ) for all ζ ∈ µp∞.
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Proof. The component D has codimension one in Λ and by Corollary 2.7 let φ denote its
characteristic power series. We have that φ passes through the origin and may as well assume
φ is irreducible. Therefore, by Proposition 3.1, if φ vanishes along infinitely many points
Pk,ζ,ζ′ that give rise to classical automorphic forms then φ either vanishes along the diagonal
or is a unit multiple of (X + 1)N − (Y + 1) for some N ∈ Zp and up to swapping X and Y .
The result follows. 
We deal with the set of special points of Proposition 3.1 as follows: assume the weights k
in Σ are becoming arbitrarily small p-adically. Then the points ((1+ p)kζ − 1, (1+ p)kζ ′− 1))
are converging p-adically toward (ζ − 1, ζ ′− 1), which are precisely the coordinates of torsion
points on the formal multiplicative group Ĝ2m. For these formal multiplicative groups, we
have shown a p-adic formal analogue of the multiplicative Manin–Mumford statement (see
e.g., [Lan65]) holds, implying that subschemes that approach infinitely many torsion points
must contain a translate of a formal subtorus. More precisely, we use the following special
case of [Ser18, Theorem 1.3]:
Proposition 3.3. Write A = O[[X,Y ]]/(φ) for some nonzero φ ∈ O[[X,Y ]]. There exists in
Spf(A) a finite union T of translates of proper formal subtori by torsion points of Ĝ2m and a
constant Cφ depending only on φ and the choice of p-adic absolute value such that
|φ(ζ − 1, ζ ′ − 1)|p > Cφ
provided (ζ − 1, ζ ′ − 1) ∈ Ĝ2m[p∞] \ (T (Qp) ∩ Ĝ2m[p∞]).
We therefore deduce:
Lemma 3.4. Let φ ∈ O[[X,Y ]] be a power series so that
φ((1 + p)kjζj − 1, (1 + p)kjζ ′j − 1) = 0
for sequences of positive integers {kj}j∈N with kj → 0 p-adically and infinitely many pairs of
p-power roots of unity, enumerated as {(ζj , ζ ′j)}j∈N. Then φ is divisible by ξ(X+1)N−(Y +1)
over O[ξ] for some fixed ξ ∈ µp∞, up to possibly swapping coordinates. Moreover, if kj 6= 0
infinitely often, φ vanishes along the diagonal.
Proof. Assume that φ ∈ O[[X,Y ]] is nonzero and that Cφ is as in Proposition 3.3. Since
|(1 + p)kjζj − ζj|p ≤ p−vp(kj) we may by continuity of φ assume j ∈ N is large enough so that
|φ(ζj − 1, ζ ′j − 1)|p ≤ Cφ. It follows from Proposition 3.3 that Spf(O[[X,Y ]]/φ) contains a
translate by a torsion point of a codimension one formal subtorus. In particular, there are
some fixed N ∈ Zp and (ξ1 − 1, ξ2 − 1) ∈ Ĝ2m[p∞] such that for all ζ ∈ µp∞ we have that
φ(ξ1ζ − 1, ξ2ζN − 1) = 0,
after possibly switching the roles of X and Y . We then set ξ := ξ−N1 ξ2 and may write
φ(X,Y ) = H(X) + (ξ(X + 1)N − (Y + 1))G(X,Y )
for H(X) = φ(X, ξ(X+1)N−1) ∈ O[ξ][[X]] and G(X,Y ) ∈ O[ξ][[X,Y ]]. SinceH(ξ1ζ−1) = 0
for all ζ ∈ µp∞, we must have that H(X) = 0 by Weierstrass preparation. This proves the
first part of the claim. The second part follows from observing that, provided kj 6= 0, a factor
of φ of the form ξ(X +1)N − (Y +1) cannot vanish at ((1+ p)kjζj − 1, (1 + p)kjζ ′j − 1) unless
N = ξ = 1. 
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Proof of Proposition 3.1. Assume that Σ contains infinitely many weights k and by compact-
ness consider a subsequence {kj}j∈N converging p-adically to some K ∈ Zp. The power series
Φ(X,Y ) := φ((1 + p)K(X + 1)− 1, (1 + p)K(Y + 1)− 1)
must vanish along the diagonal by Lemma 3.4 and the same holds for the power series φ.
If finitely many weights occur in Σ, pick a single K such that, setting again Φ(X,Y ) :=
φ((1 + p)K(X + 1)− 1, (1 + p)K(Y + 1)− 1), we have
Φ(ζ − 1, ζ ′ − 1) = 0
for infinitely many pairs (ζ, ζ ′) ∈ µ2p∞ . It follows from Lemma 3.4 that an irreducible factor
of Φ vanishing at infinitely many such pairs must be, after possibly switching the roles of X
and Y , divisible over O[ξ] by ξ(X + 1)N − (Y + 1) for some ξ ∈ µp∞ and N ∈ Zp. Thus, as
desired, for all ζ ∈ µp∞ we have the vanishing
φ((1 + p)Kζ − 1, (1 + p)KξζN − 1) = 0
for all ζ ∈ µp∞. Moreover, it follows by changing variables again and considering dimensions
that an irreducible factor over O[ξ] of the original power series φ that accounts for an infinite
set of such zeroes must be of the form
(1 + p)−(N−1)Kξ(X + 1)N − (Y + 1),
up to units and swapping X and Y . However, the corresponding component only passes
through the origin if ξ = 1 and either N = 1 or K = 0, ergo if the irreducible factor is of the
form (X + 1)N − (Y + 1) for some N ∈ Zp, as claimed.

4. Explicit computations
We now analyze some explicit examples of Hida families with the aim of proving, when
this is true, that the family interpolates only finitely many classical automorphic forms.
Our approach is based on Theorem 3.2, which allows one to verify via a finite amount of
computation that a component of the ordinary Hecke algebra T has finitely many classical
points. More precisely, Theorem 3.2 yields the following corollary:
Corollary 4.1. Let T denote the ordinary p-adic Hecke algebra of tame level N for some
split prime p. Assume a component of T passing through a ordinary cuspidal newform Π of
trivial weight and level dividing Γ0(Np) contains infinitely many classical points. Then either
its support in Λ contains the diagonal, or for every i ∈ N the Hida family interpolates an
ordinary cusp form, new at level Γ0(N) ∩ Γ1(pi+1).
Proof. Everything follows from Theorem 3.2, noting that the characteristic power series φ of
T in Λ, after normalizing so that Π is above the origin in Λ and φ(0, 0) = 0, has to vanish
along a subtorus. Thus in particular φ(ζ1 − 1, ζ2 − 1) = 0 for all pairs (ζ1, ζ2) ∈ µp∞(Qp)
satisfying some multiplicative relation ζA1 · ζB2 = 1, for fixed (A,B) ∈ Z2p not both zero, and
the result follows by specializing at those points. 
It follows that for our purposes we are led to computing with spaces of cuspidal Bianchi
modular forms with nebentypus. Computations of spaces of Bianchi modular forms have a rich
history, and were necessary to exploring modularity questions (see e.g., [Cre84]), especially in
the absence of many algebro-geometric constructions available for modular forms over Q. In
general, there seems to be a paucity of genuine (not twists of base-change or CM automorphic
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forms) cuspidal Bianchi modular forms. We refer the reader to [RcS13, RT17] for some large
scale computations along those lines. While this expectation is convenient for our intentions,
we are not aware of any systematic computations which also include nebentypi. In practice,
given an ordinary cuspidal newform in trivial weight Π which lifts to an ordinary family of
tame level N , Corollary 4.1 leads to the following strategy of checking there are finitely many
classical automorphic forms on the family:
Strategy 4.2. (1) Compute spaces of non-trivial weight (k, k) and level Γ0(N) to find k > 0
such that there is no cuspidal cohomology in H1(Γ0(N), Vk,k(C)).
(2) Compute the dimensions of the new subspaces of cusp forms in trivial weight and
level dividing Γ0(N)∩Γ1(pi+1) for i = 1. For the ordinary newforms (see the criterion
in Lemma 4.3), check via a Hecke eigenvalue computation whether they satisify the
necessary congruences to lie on the family. If none do, we are done.
(3) If one finds a cuspidal newform in the family at level dividing Γ0(N) ∩ Γ1(pi+1) for
i = 1, repeat the previous step for i = 2, 3, ... until there is no new cuspform to be
found at that level lying on the family.
We carry through this strategy for some concrete examples, starting with some useful
preliminary results.
Lemma 4.3. Let Π =
⊗′
ν πν be a cuspidal automorphic representation for GL(2)/F of
conductor N such that the archimedean component π∞ contributes to the cohomology with
coefficients in the weight (k, k) representation Vk,k for some k ≥ 0. Let π := πp, for a
prime p above an odd rational prime p, and suppose dimπΓ1(p
n) = 1 for some n ≥ 1. If the
corresponding cohomology class [c] in H1(Γ1(N), Vk,k(C)) is ordinary at p then one of the
following holds:
(1) The conductor of π is pn and the Nebentypus character of [c] is non-trivial of order
exactly divisible by pn.
(2) The weight k = 0, n = 1 and π is an unramified twist of the Steinberg representation.
If dimπΓ0(p) = 1 then the twist is unramified quadratic.
Proof. This follows from matching up the different classes of irreducible admissible represen-
tations π of GL2(Qp) with their Up-eigenvalue. Recall that for such representations there is
a conductor c(π) such that
dimπU1(p
m) = max{0,m− c(π) + 1}
for all m ≥ 0. It follows that in our situation we must have c(π) = n. Since p > 2 and π
is infinite dimensional, π is either a principal series representation π(χ1, χ2), a twist of the
Steinberg representation S(χ) or a supercuspidal representation. The supercuspidal case can
be excluded since the Up-eigenvalue is trivial in that case (see e.g., [LW10]). Moreover, the
conductors are given by c(π(χ1, χ2)) = c(χ1) + c(χ2) and c(S(χ)) = max{1, 2c(χ)}. If the
conductor c(π) > 1, π has non-zero Up-eigenvalue if and only if the associated Weil-Deligne
representation WD(π) has a non-trivial subspace fixed by inertia (see e.g., [CDT99, Lemma
4.2.2]). In the principal series case WD(π) = χ1 ⊕ χ2 and this implies exactly one of the
characters, say χ1, is unramified. The Up-eigenvalue on that space is then just χ1(Frobp).
Letting now ωp denote the p-part of the central character of Π, in the principal series case
we have that ωp = χ1 · χ2 for some appropriate normalization. Since χ1 is unramified and χ2
has conductor n, the same holds for ωp and the Nebentypus has to have order divisible by
pn. In the special representation case, WD(π) = χ⊕ χ| − |−1 (and non-trivial monodromy)
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and thus the Up-eigenvalue is non-trivial if and only if χ is unramified, which doesn’t happen
if c(π) > 1. This leaves the case of c(π) = 1. For principal series, again the two conductors
are c(χ1) = 0 and c(χ2) = 1 and we conclude as for c(π) > 1. Finally in the unramified twist
of the Steinberg representation case, a computation shows that the Up-eigenvalue is a p-adic
unit (actually χ(p)) if and only if k = 0; moreover the p-part of the central character is given
by χ2, and the result follows.

To compute the number of cuspidal newforms, we subtract the dimensions of the space of
Eisenstein series and of oldforms from the computed dimensions of the relevant cohomology
groups. Denote byMk,k(Γ1(N), ε) ∼= H1(Γ1(N), Vk,k(C)) and Sk,k(Γ1(N), ε) the finite dimen-
sional C-vector spaces of parallel weight k forms and cusp forms with character ε. We have
the following:
Proposition 4.4. Let F be imaginary quadratic of class number one, Γ1(N) ≤ SL2(OF )
the usual congruence subgroup for an ideal N ⊂ OF , and ε : (OF /N)× → C× a Dirichlet
character modulo N such that ε(−1) = (−1)k. Then:
(1) The dimension of the space of Eisenstein series of level Γ1(N), weight (k, k) and
Nebentypus ε equals
ν∞(ε) = −δk,2 · δf(ε),1 +
∑
d|N
(d,N/d)|N/f(ε)
|(OF /(d,N/d))× |
= −δk,2 · δf(ε),1 +
∏
p prime
p|N
λ(vp(N), vp(f(ε)),N (p)),
where f(ε) denotes the conductor, N the norm and for s ≥ 0, r ≥ max{s, 1} we set:
λ(r, s, l) =

lr
′
+ lr
′−1 2s ≤ r = 2r′
2lr
′
2s ≤ r = 2r′ + 1
2lr−s 2s > r.
(2) There is a maximal Hecke-invariant subspace Sk,k(Γ1(N), ε)new on which the Hecke
algebra acts semisimply. If M |N , there are degeneracy maps αd : Sk,k(Γ1(M)) →
Sk,k(Γ1(N)) for every divisor d of N/M such that
Sk,k(N, ε) =
⊕
M |N
f(ε)|M
⊕
d|(N/M)
αd(Sk,k(Γ1(M), ε˜)new),
where ε˜ is the restriction of ε to Γ1(M).
Proof. For the first statement, we mostly adapt the proof in [Que10] for congruence subgroups
of SL2(Z). We first count the number of cusps for a congruent subgroup Γ ≤ SL2(OF ). There
is a bijection
Γ\SL2(OF )/B0 ↔ {Γ-cusps}
γ 7→ γB0γ−1
where B0 is the standard Borel subgroup of upper triangular matrices. If the class number
is one, there is one SL2(OF )-conjugacy class of Borel subgroups. The cosets SL2(OF )/B0
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can be identified with projective space P1(F ) and the number of cusps equals the number of
Γ-orbits on P1(F ). We first consider for subgroups H ⊆ (OF /N)× the congruence subgroups
ΓH(N) = {
(
a b
c d
)
∈ SL2(OF )|c ≡ 0(N) and a, d ∈ H}
and denote by Mk,k(ΓH(N)) ⊆ Mk,k(Γ1(N)) the corresponding space of forms. Mapping
γ =
(
a b
c d
)
7→ (c, d) induces a well-defined map from the cosets ΓH(N)\SL2(OF ) to PH(N) =
{(c, d) ∈ (OF /N)×|(c, d,N) = 1}/ ∼, with the equivalence relation (c, d) ∼ (c′, d′) ⇔ c′ =
hc, d′ = hd for some h ∈ H. It is easy to check this map is a bijection and therefore the
number of cusps for ΓH(N) is
|PH(N)| = |(OF /N)
×|
|H| · |P1(OF /N)|
=
|(OF /N)×|
|H| N (N)
∏
p|N
(1 +N (p)−1).
Moreover, letting Nd denote the least common multiple of d and N/d and letting Hd denote
the image modulo Nd of H, it follows easily from the definitions that
(4.1) |PH(N)| =
∑
d|N
|(OF /d)×| · |(OF /(N/d))×|
|Hd| .
Let now ε : (OF /N)× → C× a Dirichlet character of order n, and set H = ker(ε). For
simplicity first assume that (OF /N)×/H is cyclic. Then we have that Mk,k(ΓH(N)) =⊕n−1
m=0Mk,k(Γ1(N), ε
m), and since the dimensions only depend on the Galois conjugacy class
of the Nebentypus, we have dimMk,k(Γker(ε)(N)) =
∑
δ|n ϕ(δ) dimMk,k(Γ1(N), ε
n/δ). Apply-
ing Mo¨bius inversion yields the formula
(4.2) dimMk,k(Γ1(N), ε) = 1/ϕ(n)
∑
δ|n
µ(δ) dimMk,k(Γker(εδ)(N))
In general, letting ε1, . . . , εr denote generators of the group of Dirichlet characters for OK
modulo N , and defining positive integers ~n = (n1, . . . , nr) so that if ε = ε
k1
1 · · · εkrr then εi has
order ni · ki, one gets after successively applying Mo¨bius inversion that
(4.3) dimMk,k(Γ1(N), ε) = 1/ϕ(~n)
∑
~δ|~n
µ(~δ) dimMk,k(Γker(ε~δ)(N)),
where ϕ(~n) = ϕ(n1) · · ·ϕ(nr) and µ(~δ) = µ(δ1) · · · µ(δr). The same reasoning and formulas
are also valid considering only spaces of cusp forms or Eisenstein series.
We now show that the dimension of the space of Eisenstein series of level Γ1(N), weight
(k, k) and Nebentypus ε such that ε(−1) = (−1)k equals
ν∞(ε) = −δk,2 · δf,1 +
∑
d|N
(d,N/d)|N/f
|(OF /(d,N/d))× |.
First we remark that the Borel-Serre compactification consists here of adding a (filled in) torus
at each cusp c, and each contributes one dimension to the homology of the boundary coming
from the longitudinal loop γc. Working with homology, by Poincare´ duality the space of
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Eisenstein series has dimension the rank of im(H1(∂Y (Γ0(N)), V )→ H1(Y (Γ0(N)), V )), with
relevant coefficients. The image is generated by the cycles coming from each cusp, provided
ε(−1) = (−1)k, and the only boundary relation in H1(Y (Γ0(N)), V ) comes from
∑
c[γc] ∈
B1(Y (Γ0(N)),Z), which cuts down the dimension by 1 in trivial weight and conductor. From
this and equations 4.1 and 4.3 the claim reduces to showing that for all d|N and fixed ε:∑
~δ|~n
µ(~δ)
|(OF /d)×| · |(OF /(Nd−1))×|
| ker(ε~δ)d|
=
{
ϕ(~n) · |(OF /(d,N/d))× | if f|Nd
0 else.
If f|Nd, then we may simply write | ker(ε~δ)d| = (~δ/~n) · |(OF /Nd)×| and the sum becomes∑
~δ|~n
µ(~δ)(~n/~δ)
|(OF /d)×| · |(OF /Nd−1)×|
|(OF /Nd)×| = ϕ(~n)
|(OF /d)×| · |(OF /Nd−1)×|
|(OF /Nd)×|
= ϕ(~n) · |(OF /(d,N/d))×|.
Now assume there exists a prime p|p with vp(f) > vp(Nd). Since p|N we have that vp(f) ≥ 2.
Denoting by Fd(ε
~δ) the kernel of the reduction map ker(ε
~δ)→ ker(ε~δ)d modulo Nd, one checks
for ~δ coprime to p that |Fd(ε~δ·p)| = p · |Fd(ε~δ)|, where ~δ · p denotes (δ1 · 1, . . . , δip · p, . . . , δr · 1)
with index ip corresponding to the generator of the p-power order part of (OF /pvp(N))×.
Moreover, | ker(ε~δ·p)| = p · | ker(ε~δ)| so that | ker(ε~δ·p)d| = | ker(ε~δ)d| for ~δ coprime to p. This
leads to cancellation in the sum of the terms in µ(~δ) and in µ(~δ · p) = −µ(~δ) and the claim
follows. Finally, the product representation of
∑ |(OF /(d,N/d))× | is helpful for computations
and straightforward but slightly tedious. It can be obtained adapting the proof in [Que10,
Lemma 3.8] for SL2(Z).
For the statement on oldforms, this is done in [Miy71] with a proof over Q which generalizes
to F .

4.1. Computational method. We carried through computations for F = Q(θ) with θ =√−2 and OF = Z[θ]. We write p = 3 = ππ the factorization of the split prime 3 in OF = Z(θ),
where π = (1+θ) and fix these notations for the rest of the paper. We note that our code can
easily be adapted to work for the other Euclidian imaginary quadratic fields and we expect
similar results.
We computed the relevant spaces of Bianchi modular forms with nebentypus by computing
the group cohomology H2(Γ0(N), Vk,k(C
2)⊗ε), recalling the notation Vk,k(C2) = Symk(C2)⊗
Symk(C2). Even for trivial coefficients (k = 0), which we will mostly consider, our approach
is less expensive than working with presentations of the Bianchi group and computing the
abelianizations of congruent subgroups. Instead we use Shapiro’s Lemma and compute
H2(SL2(OF ), IndSL2Γ0(N)(Vk,k(C
2)⊗ ε)).
By Poincare´ duality, this has the same dimension as H1(SL2(OF ), IndSL2Γ0(N)(Vk,k(C2)⊗ ε)) ∼=
H1(Γ0(N), Vk,k ⊗ ε), and therefore computes the dimension of the space of cohomological
automorphic forms of interest.
Our computations are based on the Magma implementation of an algorithm by Alexander
Rahm and Haluk S¸engu¨n that computes the dimensions of H2(Γ0(N), Vk,k(C
2)), which we
then adapted to work more generally for forms with nebentypus. All of our computations
A FINITENESS RESULT FOR p-ADIC FAMILIES OF BIANCHI MODULAR FORMS 15
were carried out with the Magma computational algebra system ([BCP97]). The approach
of Rahm and S¸engu¨n is based on reduction theory as found in [SV83]: one constructs a
two-dimensional contractible CW-complex inside H3 that is a fundamental domain for the
action of SL2(OF ). One then uses this combinatorial data to compute the cohomology via the
equivariant cohomlogy spectral sequence. Explicitly, let Γ := SL2(OF ) and letM be a finitely
generated right Γ-module over some ring containing OF . The spectral sequence yields:
Ep,q1 =
⊕
σ∈Σp
Hq(Γσ,M)⇒ Hp+q(Γ,M),
where Σp consists of representatives for the Γ-conjugacy classes of p-cells and where Γσ denotes
the respective stabilizers. The fundamental cellular domain for the action of Γ on hyperbolic
3-space, which was supplied to us by A. Rahm, consists of 2 two-cells and 6 edges. The
stabilizers of the 2-cells are both ±Id ∼= C2. The stabilizers of the edges are given by:
Γ1 =<
(
0 −1
1 0
)
>∼= C4 Γ2 ∼= C2
Γ3 =<
(−θ 1
1 θ
)
>∼= C4 Γ4 =<
(−1 −θ
−θ 1
)
>∼= C4
Γ5 =<
(
1 1
−1 0
)
>∼= C6 Γ6 =<
(
1 + θ −1 + θ
−1 −θ
)
>∼= C6
The differential d1,01 : E
1,0
1 → E2,01 is given by:
d1,01 :M
Γ1 ⊕ . . . ⊕MΓ6 →M<−Id> ⊕M<−Id>
(m1, . . . ,m6) 7→ (−m1 +m2 −m4 +m5,−m2 ·G−1 −m3 +m4 +m6),
where G =
(−1 θ
0 −1
)
.
Over OF [1/6] the stabilizers do not contribute for q > 0 and the spectral sequence is
concentrated on q = 0 and stabilizes on the E2-page. Thus, computing the dimension of
E2,02
∼= E2,01 /d1,01 (E1,01 ) yields the dimension of H2(Γ,M). For more details on this approach
we refer to [cS11, Section 5] and [RcS13, RT17].
The Hecke eigenvalue computations in trivial weight were carried out by acting for M =
IndSL2Γ0(N)ε on E
2,0
1 . The Hecke action then preserves the image of the differential d
1,0
1 (E
1,0
1 )
and descends to cohomology. The action was implemented by adapting to Euclidian imaginary
quadratic fields the approach based on using Heilbronn matrices to compute the action of the
Hecke operator Tl on Manin symbols for each prime l not dividing the level, as described
over Q in J. Cremona’s book [Cre97, Chapter 2]. In all of our computations, we noted that
the dimensions and Hecke eigenvalues obtained were consistent with existing computations
for trivial and quadratic nebentypus, as well as with lower bounds for dimensions coming
from Eisenstein series and oldforms as in Proposition 4.4. Moreover, in the Hecke eigenvalue
computations, precisely the computed number of cuspidal eigenforms staisfy the Ramanujan
bounds, whereas the remaining eigensystems coming from Eisenstein series violate the bounds.
4.2. Examples. We start by considering the example of tame level N = (3 − 2θ) which
appears in [CM09, Theorem 1.1] and compute with spaces up to level Γ0(N) ∩ Γ1(9) ⊂
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SL2(OF ). We record here the dimensions of the new subspaces obtained after subtracting the
dimensions of spaces of Eisenstein series and oldforms as in Proposition 4.4. We omit levels
which do not have any newforms and mark in boldface the dimensions of spaces which could
give rise to ordinary forms on the Hida family, according to Lemma 4.3.
Level \Nebentype conductor 0 π π π2 π2 3 3π 3π 9
Γ0(N) ∩ Γ1(π) 1 0 − − − − − − −
Γ0(N) ∩ Γ1(3) 0 0 0 − − 0 − − −
Γ0(N) ∩ Γ1(π2) 1 0 − 0 − − − − −
Γ0(N) ∩ Γ1(π2) 0 − 0 − 0 − − − −
Γ0(N) ∩ Γ1(3π) 0 0 0 8 − 0 0 − −
Γ0(N) ∩ Γ1(3π) 3 0 0 0 6 0 − 0 −
Γ1(9) 0 0 0 0 0 4 0 0 20
Γ0(N) ∩ Γ1(9) 6 0 0 8 6 0 0 0 0
Table 1. Dimensions of new subspace for N = 3− 2θ
We are interested in the family passing through the newform Π at level Γ0(Nπ) which via
modularity should correspond to the elliptic curve over F :
E ≡ y2 + θxy + y = x3 + (θ − 1)x2 − θx.
In this particular case presumably modularity can be checked via the Faltings-Serre method.
The dimensions in boldface in Table 1 could a priori still contain cuspidal Bianchi modular
forms which arise via specialization from the Hida family. We eliminate this possibility via
a computation of Hecke eigenvalues, showing the then expected congruences betweeen Hecke
eigenvalues do not hold.
We list a representative of each Galois orbit of Hecke eigensystems and we limit ourselves
to primes not dividing the level. Moreover, since Π is actually modular by a congruence
subgroup of PGL2(OF ), i.e. is furthermore fixed by the action of J :=
(−1 0
0 1
)
, it suffices
to consider cuspforms fixed under the involution induced by J on the relevant spaces and we
only list those eigenvalues.
Level, conduct. f(ε) ♯(GQ-orbit) θ 1− θ 3 + θ 3− θ 3 + 2θ 1 + 3θ 1− 3θ
Γ0(Nπ), 1 1 −2 −2 −4 −2 −6 −4 0
Γ0(N) ∩ Γ1(3π), π2 2 2ζ3 − 5ζ23 −4 −6ζ23 0 −2ζ3
2 ζ3 − −4ζ3 5 0 6ζ3 7ζ23
2 0 − −3ζ23 0 6ζ23 −8ζ23 −2ζ3
Γ0(N) ∩ Γ1(3π), π2 6 Q(f1) − Q(f2) Q(f3) Q(f4) Q(f5) Q(f6)
Table 2. Hecke eigenvalues for N = 3− 2θ
Here ζ3 denotes a primitive third root of unity. At level Γ0(N) ∩ Γ1(3π) and nebentype
conductor π2 we listed only the fields of definition of the Hecke eigenvalues in Table 2 for
certain polynomials f1(x), . . . , f6(x), all of degree 6. For our purposes, it suffices to note that
the Tl-eigenvalues at l = (3+ θ) are roots of f2(x) = x
3− 11x2+31x− 9, which modulo 3 are
either trivial or lie in F9 \F3. We record our conclusion below, rectifying the proof of [CM09,
Theorem 1.1]:
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Proposition 4.5. The component of the ordinary 3-adic Hecke algebra T of tame level N =
(3− 2θ) passing through the newform Π at level Γ0(Nπ) contains only finitely many classical
points.
Proof. Assume there are infinitely many classical points. Since we know from computations
(e.g., [CM09, Lemma 8.8]) that the specialization of T in weight (4, 4) cannot correspond to
a classical automorphic form of level Γ0(N), it follows that the support of T cannot contain
the diagonal. It follows from the computations in Tables 1 and 2 that there is no ordinary
cuspidal eigenform with Hecke eigenvalues congruent to Π and level dividing Γ0(N)∩Γ1(9) ⊂
PGL2(OF ) and trivial weight. Since Π is the unique newform at level Γ0(7 +
√−2), these
cannot lie on the family and the result follows by Corollary 4.1. 
We use this strategy to study ordinary 3-adic families passing through Bianchi newforms
in trivial weight for a whole range of tame levels:
Theorem 4.6. Let F = Q(
√−2). We examined all the (nearly) ordinary 3-adic Hecke
algebras specializing in trivial weight to a cuspidal newform of level Γ0(I) for ideals I ⊂ OF
of norm N (I) ≤ 220:
(1) The p-adic families of tame levels N = (3 − 2√−2), N = (3 + 2√−2) and N = (6 −√−2), specializing in trivial weight to newforms of levels Γ0(7+
√−2), Γ0(9+3
√−2)
and Γ0(4+7
√−2) respectively, interpolate finitely many classical automorphic forms.
(2) The p-adic family of tame level N = 2
√−2 specializing in trivial weight to a newform
of level Γ0(6
√−2) is a base-change family and in particular interpolates infinitely
many automorphic forms base-changed from Q.
Proof. We start by listing the newforms appearing at levels Γ0(I) ⊂ SL2(OF ) for ideals
I ⊂ OF of norm N (I) ≤ 220 divisible by 3. This already appears in [Cre84, Table 3.3.1.]
and, using similar notations, the second column marks rational newforms by a boldface 1 and
indicates the sign of the forms under the involution induced by J .
level newforms: sign +, - level factorisation ordinary at 3
Γ0(6) 0,1 θ
2 · 3 yes
Γ0(7 + θ) 1, 0 (3− 2θ) · (1 + θ) yes
Γ0(2 + 5θ) 1,1 (θ) · (1 + θ)3 no
Γ0(8 + θ) 0,1 θ · (3− θ) · (1− θ) yes
Γ0(6θ) 1, 0 θ
3 · 3 yes
Γ0(5 + 5θ) 0,1 5 · (1 + θ) yes
Γ0(9 + 3θ) 1, 0 (3 + θ) · 3 yes
Γ0(6 + 6θ) 1, 0 θ
2 · (1 + θ)2 · (1− θ) no
Γ0(4 + 7θ) 1,1 θ · (1− 3θ) · (1 + θ) yes
Γ0(11 + θ) 0,1 (3− 4θ) · (1 + θ) yes
Γ0(11 + 2θ) 0,1+ 1 (5− 3θ) · (1 + θ) yes
Γ0(10 + 7θ) 1, 0 θ · (3 + θ) · (1 + θ)2 no
Γ0(11 + 7θ) 1, 0 θ · (1− 6θ) · (1− θ)2 yes
Table 3. Newforms for level Γ0(I) when 3|N (I) ≤ 220
The newforms invariant under J are exactly the ones contributing to the cohomology of
congruence subgroups of PGL2(OF ), and we only need to consider those. Among these,
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one checks that the ordinary newform at level Γ0(6
√−2) is base-change. Proposition 4.5
already deals with the level Γ0(7 +
√−2). It remains to establish finiteness for tame levels
N = (3 +
√−2) and N = (6−√−2).
We first deal with the case of N = (3 +
√−2). Again a weight (4, 4) computation (see
[CM09, Lemma 8.8]) excludes the diagonal case. In trivial weight, for our purposes it suffices
to consider levels and conductors that contribute to spaces that may allow for automorphic
forms ordinary above 3 in the family. We list in Table 4 the computed dimensions of the
new subspaces for such levels dividing Γ0(N)∩Γ1(9) and conductors of nebentypes, whenever
non-trivial. In this case, we note that only the two newforms at level Γ0(N) ∩ Γ1(π2) are
Level nebentype conductor dimension
Γ1(9) 3 4
9 20
Γ0(N) ∩ Γ1(3) 0 1
Γ0(N) ∩ Γ1(π2) π2 2
Γ0(N) ∩ Γ1(9) π2 2
Table 4. Dimensions of new subspace for N = 3 + θ
ordinary at both places above 3, however a computation shows that they both lie in the minus
subspace under J . We therefore obtain the desired finiteness without having to compute Hecke
eigenvalues.
We now consider tame level N = (6 − √−2) = (θ)(1 − 3θ). Here we carried through a
computation in weight (4, 4) and found no cuspforms of level Γ0(N). In trivial weight we list
in Table 5 the dimensions of new subspaces for levels dividing Γ0(N) ∩ Γ1(9) and conductors
that contribute to spaces that may contain automorphic forms ordinary above 3 in the family,
when non-zero.
Level nebentype conductor dimension
Γ0(N) 0 1
Γ1(9) 3 4
9 20
Γ0(θ) ∩ Γ1(9) 9 4
Γ0(1− 3θ) ∩ Γ1(3) 0 1
Γ0(N) ∩ Γ1(π) 0 2
Γ0(1− 3θ) ∩ Γ1(3π) π2 2
Γ0(1− 3θ) ∩ Γ1(3π) π2 2
Γ0(N) ∩ Γ1(3π) π2 4
Γ0(N) ∩ Γ1(3π) π2 2
Table 5. Dimensions of new subspace for N = θ(1− 3θ)
For the problematic eigensystems marked in boldface, we compute Hecke eigenvalues in
Table 6 for the ones occuring in the plus subspace, again listing a representative of each
Galois orbit of Hecke eigenvalues.
Here again, one sees that there are no congruences, and since there is a unique newform
at level Γ0(Nπ), none of the considered eigensystems occurs on that component of the Hecke
algebra. The desired finiteness result follows, concluding the proof.
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Level, conduct. f(ε) ♯(GQ-orbit) 3− θ 3 + θ 3− 2θ 3 + 2θ 1 + 3θ
Γ0(Nπ), 1 1 4 4 −6 −2 0
Γ0(N) ∩ Γ1(3π), π2 2 ζ3 2 ζ23 0 3ζ3
Γ0(N) ∩ Γ1(3π), π2 2 0 0 3ζ23 −3ζ3 4ζ3
Table 6. Hecke eigenvalues for N = θ(3− θ)

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